A Short and Unified Convergence Analysis of the SAG, SAGA, and
[AG Algorithms

Feng Zhu, Robert W. Heath Jr., and Aritra Mitra *

Abstract

Stochastic variance-reduced algorithms such as Stochastic Average Gradient (SAG) and
SAGA, and their deterministic counterparts like the Incremental Aggregated Gradient (IAG)
method, have been extensively studied in large-scale machine learning. Despite their popularity,
existing analyses for these algorithms are disparate, relying on different proof techniques tailored
to each method. Furthermore, the original proof of SAG is known to be notoriously involved,
requiring computer-aided analysis. Focusing on finite-sum optimization with smooth and strongly
convex objective functions, our main contribution is to develop a single unified convergence
analysis that applies to all three algorithms: SAG, SAGA, and TAG. Our analysis features
two key steps: (i) establishing a bound on delays due to stochastic sub-sampling using simple
concentration tools, and (ii) carefully designing a novel Lyapunov function that accounts for such
delays. The resulting proof is short and modular, providing the first high-probability bounds for
SAG and SAGA that can be seamlessly extended to non-convex objectives and Markov sampling.
As an immediate byproduct of our new analysis technique, we obtain the best known rates for
the IAG algorithm, significantly improving upon prior bounds.

1 Introduction

We consider the following finite-sum optimization problem:

. 1 &
;16111@ f(z):= N ;fz(x), (1)

where each f; : R — R is a continuously differentiable function that is assumed to be L-smooth, f
is assumed to be p-strongly convex, and 2* = argmin,cga f(x) is the minimizer of the composite
function f(x). Problems of the form in (1) arise in the context of empirical risk minimization in
machine learning, where f(x) serves as a finite-sample approximation (based on N samples) of a
true risk function (Shalev-Shwartz & Ben-David, 2014).

A natural way to solve (1) is to run the gradient descent (GD) algorithm. When f is L-smooth
and p-strongly convex, GD guarantees exponentially fast convergence to x*, where the exponent
of convergence depends on the condition number k = L/u (Bubeck et al., 2015). This fast linear
convergence rate, however, comes at the expense of N gradient evaluations per iteration, which
can be computationally demanding when N is large. An appealing alternative is the stochastic
gradient descent (SGD) algorithm (Robbins & Monro, 1951) that, at each iteration, moves along
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the negative gradient of just one component function chosen uniformly at random from the set
[N]:={1,2,..., N}. While SGD evaluates only one gradient per iteration, the high variance in its
update direction necessitates a diminishing step-size sequence to ensure exact convergence to x* with
no residual bias. Unfortunately, this leads to a much slower sublinear rate (Moulines & Bach, 2011).

Variance-Reduction Algorithms. A breakthrough in this regard was achieved by Roux et al.
(2012), who invented the stochastic average gradient (SAG) algorithm. Like SGD, SAG evaluates
only a single gradient in each iteration, but exploits memory of past gradients of all components to
maintain an accurate estimate of the gradient of the composite function f. Remarkably, this approach
is able to retain the linear convergence rate of GD. However, the proof of this result in Schmidt
et al. (2017) is notoriously challenging, and requires computer-aided analysis. Although a related
algorithm called SAGA with a simpler proof was developed by Defazio et al. (2014a), the Lyapunov
function in this paper fails to explain the convergence behavior of SAG. A deterministic variant of
SAG, called the incremental aggregated gradient (IAG) algorithm, was developed by Blatt et al.
(2007), and an explicit linear convergence rate for this algorithm was obtained in Gurbuzbalaban
et al. (2017). However, the analysis of IAG, which is fundamentally different from those of SAG and
SAGA, yields a much slower rate compared to SAG, SAGA, and GD.

In this context, our main contribution is to develop a single unified proof that is surprisingly
short and simple and yields linear convergence rates for SAG, SAGA, and IAG. Furthermore, our
analysis significantly improves the best known rate for IAG. In what follows, we elaborate on our
main contributions, and discuss their implications in relation to prior work.

1. Unified Proof Technique. Stochastic variance-reduced methods like SAG and SAGA, and
their deterministic counterparts like IAG, all use memory of past gradients to maintain accurate
estimates of the full gradient. However, despite the similarity in their update rules, existing
convergence analyses of these algorithms differ considerably. In particular, the difficulty in
analyzing SAG has often been attributed to the fact that its update direction is biased, unlike
those for SGD and SAGA that admit relatively simpler proofs. In Gurbuzbalaban et al. (2017),
the authors mention: “ We also note that most of the proofs and proof techniques used in the
stochastic setting such as the fact that the expected gradient error is zero do not apply to the
deterministic setting and this requires a new approach for analyzing IAG.” In light of this
statement and the preceding discussion, whether a unified analysis framework can explain the
dynamics of both biased and unbiased, stochastic and deterministic, variance-reduced (VR)
algorithms is far from obvious. We show for the first time that this is indeed possible.

Our proof framework is simple, intuitive, and modular, and features two key steps. In the first
step, for stochastic sub-sampling patterns, we use a concentration argument to control the
maximum delay in seeing any component function. As a result, on a “good” event of sufficient
measure, one can view both SAG and SAGA as delayed versions of GD, with an upper-bound
on the delays that scales as @) (N). Based on this insight, in the second step, we construct a
novel Lyapunov function that maintains a window of stale gradients. The careful construction
of this function is crucial to us achieving our desired rates. We then establish a one-step
contractive recursion for this Lyapunov function, which translates to high-probability linear
convergence rates for SAG and SAGA in Theorem 3.11. Our Lyapunov function and overall
proof structure (outlined above) depart fundamentally from prior analyses of SAG and SAGA.

2. High-Probability Bounds for SAG and SAGA. The traditional analyses of stochastic
optimization algorithms typically provide bounds that hold only in expectation. This is true
for VR algorithms like SAG and SAGA as well, and the proofs of these algorithms in Defazio



et al. (2014a); Roux et al. (2012); Schmidt et al. (2017) only provide in-expectation guarantees.
Unfortunately, such guarantees only capture the “typical” behavior of the algorithm, and do
not adequately represent rare/tail events. As a result, a series of high-probability bounds have
emerged for SGD and its variants under different noise models over the last few years; see Li
& Orabona (2020); Liu et al. (2023); Sadiev et al. (2023) for more on this topic. Despite this
rich literature, to our knowledge, high-probability bounds for SAG and SAGA have remained
elusive. Theorem 3.11 closes this gap and contributes to a deeper understanding of these
celebrated VR algorithms.

3. Bounds under Markov Sampling. SAG and SAGA have been typically analyzed under
LID. (independent and identically distributed) sampling of component functions. Thanks to
our modular proof framework, we show in Theorem 3.14 that our analysis extends seamlessly
to more general Markov sampling schemes. For arriving at this result, we leverage a Bernstein
concentration bound for uniformly ergodic Markov chains from Paulin (2015).

4. Improved Bounds for IAG. The work of Blatt et al. (2007) that originally developed
the TAG algorithm provided no explicit convergence rates for general smooth and strongly
convex functions. This gap was later addressed by Gurbuzbalaban et al. (2017), who, for
deterministic cyclic sampling patterns, established a convergence rate of O (exp(—K/(k*N?)))
after K iterations of IAG. Here, recall that x is the condition number and N is the number of
component functions. Due to the quadratic dependence on x and N in the exponent, the rate
predicted for IAG in Gurbuzbalaban et al. (2017) is much slower compared to that for GD,
SAG, and SAGA. Such a pessimistic picture for IAG has, in fact, prompted the development
of more complex deterministic variance-reduction algorithms; see Mokhtari et al. (2018). As
a byproduct of our analysis for SAG and SAGA, we establish a significantly tighter rate
of O (exp(—K/(kN))) for IAG in Theorem 4.1. Intuitively, this rate makes sense, since N
iterations of IAG are comparable to one iteration of GD. Thus, our unified analysis provides a
more accurate understanding of the true dynamics of IAG.

As a minor contribution, our results can be extended straightforwardly to the smooth, non-convex
setting, as demonstrated in Section 3.4; see Theorem 3.12. The concentration bounds we derive
in this regard complement the known in-expectation bounds of VR methods for non-convex losses
derived in Reddi et al. (2016a,b). Overall, we anticipate that the simple modular nature of our
proof framework can be built upon to develop tail bounds for more complex (e.g., accelerated,
second-order) VR algorithms in the future.

More Related Work. The literature on stochastic VR algorithms is vast, and we refer the
reader to the excellent survey by Gower et al. (2020). Aside from SAG and SAGA, other popular
VR algorithms that enjoy linear convergence rates for smooth, strongly convex functions include
SVRG (Johnson & Zhang, 2013), SDCA (Shalev-Shwartz & Zhang, 2013), S2GD (Konetny &
Richtarik, 2017), MISO Mairal (2015), FINITO (Defazio et al., 2014b), and SARAH (Nguyen
et al., 2017). Notably, different from the high-probability bounds we provide, these papers derive
guarantees that hold in expectation. As such, our proof techniques differ from those in these works.
For deterministic sampling, incremental gradient (IG) methods (Bertsekas et al., 2011) use only
one component function to update the parameter in each iteration; like SGD, they suffer from slow
sub-linear rates. Deterministic VR methods like IAG (Blatt et al., 2007) and DIAG (Mokhtari et al.,
2018) use memory to achieve linear rates like GD. As far as we are aware, no prior work has unified
the analysis of stochastic and deterministic VR methods within a single framework.



2 Technical Background

In this section, we introduce the two celebrated stochastic variance-reduced algorithms that we wish
to study: SAG and SAGA. To that end, consider first-order iterative algorithms of the general form
below for solving Problem (1):

Tpp1 = Tk — agi, 0<kE<K-1 (2)

where a € (0,1) is the step-size, ;, € R? denotes the parameter at iteration k, g;j is an estimate
of the full gradient V f(zy) at iteration k, A refers to the algorithm under study (e.g., GD, SGD,
SAG, SAGA, etc.), and K > 0 denotes the number of iterations of the algorithm. For simplicity, we
will set g = 0. We now discuss some relevant instances of (2), and their performance guarantees
when each f; in (1) is L-smooth, and f is u-strongly convex. Unless stated otherwise, this will be
our running assumption on the functions that appear in (1).

e Gradient Descent (GD). In the GD algorithm, gE'D takes the following form:

N
g% = = S V), g
=1

which is essentially the global (full) gradient V f(zy). By selecting a = 1/L, the convergence rate
for GD after K iterations is given by (Bubeck et al., 2015):

K

o) = fa) < (1= 1) (a0 - S0, (@

where k := L/u is the condition number. Although GD enjoys exact convergence to the optimum z*

at a linear rate, it suffers from a significant computational bottleneck since N gradients need to be
computed at each iteration, where N could be prohibitively large in practice.

e Stochastic Gradient Descent (SGD). A well-studied alternative to GD is SGD, which
updates the parameter xj using a randomly selected component gradient, i.e.,

gEGD = Vka(ﬂfk)a (5)

where i, is sampled in an I.I.D. manner from [N] uniformly at random. While SGD substantially
reduces the per-iteration computational cost, the high variance of the update direction prevents
convergence to the exact minimizer z* under a constant step-size. Specifically, the in-expectation
error of SGD after K iterations with step-size a = p/(2L?) is given by (Wright & Recht, 2022)

1\ X 1 &

* (12 * (12 * * (|2

B [low —o'1] < (1- 5 ) loo =+ 5 2l = a”IB, ()
=1

where x} € argmin,cga fi(x), and the term (1/N) Zfil |z} — 93*”3 captures a bias effect that arises
from sub-sampling. With SGD, even if the iterate sequence is initialized at the point z*, the
algorithm can still keep making updates, since z* need not be a fixed point for any of the component
functions. To ensure convergence to x*, a diminishing step-size sequence is then needed, which leads
to a slower sub-linear rate of O (1/K) (Bubeck et al., 2015; Moulines & Bach, 2011).

e SAG and SAGA. To reduce the variance of SGD, the SAG algorithm of Roux et al. (2012)
maintains a memory of previously computed component gradients. At each iteration k, SAG selects
an index i, uniformly at random from [N] as in SGD, computes the corresponding component



gradient V f;, (z1), and updates the iterate xj as per (2) using the average of all stored gradients,
i.e., with the following update direction:

Vii(zk) = Vi (2r, 4)

N
1
SAG ._ ZV ,
gk T N — fl(xTi,k) + N : (7)

Here, 7;;, < k (initialized to 7;;, = 0 for all 4, k) denotes the most recent iteration before iteration k
at which the component gradient V f; was evaluated. If V f; has not been accessed prior to iteration
k, then V fi(x, ) is set to zero.

While SAG also computes only one component gradient per iteration as SGD, it manages to
achieve linear convergence to x* using extra storage, with a rate given by:

170) - 16 < (1-min{ o A1) e ®)

where Cy is a constant depending on initialization (Schmidt et al., 2017). While this was a remarkable
result at the time, the convergence proof of SAG in Schmidt et al. (2017) is extremely complicated,
and requires computer-aided tools to verify the non-negativity of certain polynomials that arise in
their potential function. The difficulty in the analysis has often been attributed to the fact that for
SAG, g,?AG is not unbiased, and so the usual descent argument where the expected gradient error is
zero does not apply.

To address this, the SAGA algorithm (Defazio et al., 2014a) preserves the sampling and memory
mechanism of SAG, but proposes a bias-correction technique that yields an unbiased gradient
estimator g,?AGA, defined as follows:

N
gsAGA = %Z vfl(xﬂk) + vfzk (xk) - vflk (xﬂkk) (9>
=1

The parameter xj, is then updated similarly following (2). The only difference of (9) from (7) is that
the correction term V f;, (zx) — V fi, (27, ,) is added without the 1/N scaling factor, successfully
removing the bias of the gradient estimator. To see why, let Fi be the o-algebra generated by
{ig,...,ix}, and observe that

E [QEAGA | ]:k—l}

1 N 1 N . N
N ;W o) ¥ g ;Vfim) -5 ; Vfilwn,) (10)
= Vf(zy),

where the first equality holds due to uniform sampling. This corroborates the unbiasedness of gEAGA.

Despite this difference from SAG, SAGA achieves a similar rate as SAG (Defazio et al., 2014a):

K
1
E - I<(1—-————] C 11
where C is some initialization-dependent constant. While the exponent of convergence of SAGA is
similar to that of SAG, and the two algorithms share the same computational and memory costs,
the unbiasedness of SAGA leads to a much simpler convergence analysis relative to that for SAG.



Paper Outline. Although the update rules for SAG and SAGA in (7) and (9), respectively, are
very similar, and they achieve essentially the same rates, their current analyses are dramatically
different. In this context, perhaps surprisingly, we show that a unified proof can be developed to
achieve high-probability bounds for both SAG and SAGA. This is the subject of Section 3. We also
show that the simplicity of our proof lends itself to more general settings: we consider non-convex
objectives in Section 3.4 and Markov sampling in Section 3.5. Finally, in Section 4, we discuss
how the proof technique developed in Section 3 for stochastic VR algorithms can be applied, with
no modifications at all, to deterministic counterparts such as TAG. In the process, we significantly
improve prior rates for IAG. Overall, our work sheds novel insights into the dynamics of celebrated
variance-reduced algorithms that constitute the workhorse of modern machine learning problems.

3 Analysis and Results

In this section, we develop high-probability bounds for SAG and SAGA for smooth, strongly convex
and non-convex objectives. Our proof has two key steps. In the first step (Section 3.1), we use
Bernstein’s inequality to bound a “gradient-staleness” effect that arises from sub-sampling. Informed
by this bound, we construct a novel Lyapunov function and analyze its behavior in the second step
(Section 3.3). To keep the paper self-contained, we recall the basic definitions and implications of
smoothness and strong-convexity used in the main text. For proofs of the implications, we refer the
reader to Bubeck et al. (2015).

Definition 3.1 (Smoothness). A function f : R? — R is L-smooth if for any z,y € R, the following
holds:

IVf(2) = VIWlly < Lllz—yls, (12)

where V(-) denotes the gradient operator.

An immediate consequence of smoothness is the following;:

Fl) = F(&) < g — 2, V) + 2 Iy — 2l oy € B (13)

Definition 3.2 (Strong Convexity). A function f : R? — R is p-strongly convex if the following
holds for any z,y € R%:

) = f(@)+ (T f (), y =) + 5 o = yl3. (14)

The following gradient-domination property is a consequence of strong-convexity:

IV (W)lI3 = 2u(f(y) = f(z")),Vy € RY, where 2™ = argfélinf(x)- (15)
zER?

3.1 Step 1: Bounding the Staleness from Sub-Sampling

We start by noting that the main distinction between the GD gradient gE’D in (3) and the SAG/SAGA
gradients gsAG, g,?AGA in (7) and (9) lies in the staleness of the component gradients in the latter, as
captured by 7; ;. Our simple yet key observation is that while the staleness in seeing any component
i, namely k — 7; 1, is a random object, it is not completely uncontrolled. In particular, using
concentration, one can show that the staleness of component gradients can be upper bounded with
high probability. This observation is formalized in the following lemma.



Lemma 3.3 (Bounded Staleness). For any 6 € (0,1) and 7 > (8N/3)log(NK/J), with
probability at least 1 — 6, the following holds:

k—7ixg<7, Vie[N],0<k<K-L (16)

Proof. To prove Lemma 3.3, we start by showing that for any fixed component i € [N] and iteration
k = kg, the event that ¢ is not sampled within a window of 7 consecutive iterations starting from kg
occurs with probability at most 6 /(NK). To prove this, we will appeal to Bernstein’s inequality,
which we record below for completeness (Boucheron et al., 2003).

Bernstein’s Inequality. Let Xi,---, Xy be independent zero-mean random variables (RVs).
Suppose that | X;| < M,Vi € [k]. Then, for all t > 0, we have

k 142
P <Z X; < t) < exp (Z’HE [}2] n §Mt> . (17)

=1

With this tool at hand, let us fix a component ¢ € [N], an iteration k = kg, and define a random
variable Y, := I{i), = i} € {0,1}, where we use I{#} to represent the indicator RV for an event
‘H. Fix an integer 7 > 0 and note that within any window of T iterations starting from k = ko, the
probability that component ¢ is never sampled is given by

T+ko—1

Pl > Yik<0
k=ko

The next thing to do is control this probability using Bernstein’s inequality. Under the [.I.D.
sampling model, we have E[Y; ;] = p := 1/N. Defining X, ; := Y; , — p, let us create a sequence
{Xir} of zero-mean, bounded, and independent RVs with E[X; ;] =0 and |X; ;| < M :=1, for all
i € [N] and k > 0. Furthermore, let us note that E[X?,] = V[Y; ] = p(1 — p) < p. Using (17), we
then have 7

T4+ko—1 (a) T+ko—1
P > Yie<O|=P[ > Xiyp<-mp
k=ko k=ko
(b) 1722
< exp | — 27 fi (18)
TP+ 37D

- PN )

where in (a), we use the definition of X; x; in (b), we use (17) and the fact that M = 1, E[X2,] < p;
and in (¢), we use p = 1/N. Requiring the right-hand-side (RHS) of (18) to be smaller than a
prescribed failure probability §/(/NK), and union-bounding over all N components and K iterations
yields the desired claim of the lemma. O

Informed by Lemma 3.3, we set 7 = [(8N/3) log(NK/d)]|, and define a “good event” G as follows:
G={k—m,<r Vie[N], Vk > 0}. (19)

From Lemma 3.3, we know that G has measure at least 1 — . Moreover, on event G, the gradient
estimators for SAG and SAGA use information at most 7 time-steps old, allowing us to treat SAG
and SAGA as first-order methods perturbed by a uniformly bounded delay sequence. We will build
on this insight for our subsequent analysis, where we will condition on the event G.



3.2 Bounding the Gradient Error

First, let us define
er == gr — Vf(wk) (20)

as the error in the SAG/SAGA gradient estimator relative to the full gradient, where gi is either

g,?AG or g,?AGA (we drop the superscript on gkA when it applies to both SAG and SAGA). Defining

k= f(ze) — f(27) (21)

as the function sub-optimality gap, we have the following approximate descent lemma that captures
the one-step descent in the function gap rx; the result applies to both SAG and SAGA.

Lemma 3.4 (Approximate Descent). The following holds for both SAG and SAGA by selecting
a<1/(4L):
«
That STk = 7 IVf(@olls + o llexlls,  Vk>0. (22)

Proof. Using the smoothness of f, we have:

(@ L )
Ter1 < 1 H(Vf(2r), Tpy1 — k) + 5 zrv1 — zill3

b Lo?
21— a (@), g+ g ol

© Lo? 2

=1k — a(Vflzx), Vf(zr) +en) + —— [V fzr) +exlly 23)
23

(d)

< i @[V I3 @ (V f(a), ex) + Lo (I1VF ) |3+ llex])

(e)

<= (G = L) IV @3 + (5 +0L) llesl

() Q@
< k= 7 IVF@R)5 + o flexls

Here, (a) is a consequence of smoothness of f, and follows from (13); for (b), we use the update
formula in (2); (c) uses the definition of eg; (d) uses the elementary inequality: |a + b||3 <
2||al|3 + 2||b|13, Va, b € RY; (e) employs Young’s inequality to control the inner product term, and (f)
uses < 1/(4L). This completes the proof. O

Lemma 3.4 shows that the one-step descent is perturbed by the gradient error term ||ek\|§ The
following lemma is then motivated by this issue, and provides an upper bound on Hek||§ that depends
on a window of past gradients.

Lemma 3.5 (Gradient Error). On event G, the gradient error ey, satisfies the following for
both SAG and SAGA:

.
lexll < 40*L?7Uy, Vk> 7, with Up:= _ |lgr—sl-
j=1




Proof. We first prove the result for SAG. Fix a time-step k > 7. On event G, we know that the
staleness in seeing any component is at most 7, and hence, every component has been sampled at

least once by time-step k. Thus, on G, Vfi(x,,) is a well defined object for & > 7. With this in

SAG ;

mind, following the definition of e, and ¢gp*™ in (7), we have

1
lexlly = N Z Vfi( x’Tzk + Vfi, (k) Z Vfi(zk)
1y i€[N] 9

- % > (Viilar,,) — Vi)

i, )

Z vaz xﬂk vfz T H2
Z#lk (24)

> L = el

i

1

N
(© L
< NZZka i1 — Tk—jll
i, J=1

()1

where (a) is due to the triangle inequality, (b) uses the smoothness of f;, (¢) uses the triangle
inequality and the fact that delays are at most 7 conditioned on G (from Lemma 3.3), and (d) follows
from (2). Squaring both sides of (24) and using Jensen’s inequality yields the desired claim for SAG.

Similarly, for SAGA, we have
+ ||V fiulon) = Vi, )]

? (25)

1 N

=1

lexlly <

< 2L« Z HgSAGA

where we omit the intermediate steps since they follow exactly as in the SAG analysis in (24). O

Note that Lemma 3.5 holds only for £ > 7 such that the past gradient terms in Uy, are well defined.
The next corollary is an immediate consequence of Lemma 3.5 that follows from the definition of ey
and Jensen’s inequality.

Corollary 3.6 (Gradient Bound). On event G, the following holds for both SAG and SAGA, for all
k>rT:
lglls < 2V f ()| + 8L TaUy. (26)

This completes the first step of our analysis. We now proceed to the next step that involves
designing an appropriate Lyapunov function.



3.3 Step 2: Designing the Lyapunov Function

From Lemma 3.5, observe that the bound on ||ekH§ depends on a window of past gradients, and
hence, cannot be absorbed by a single-step descent argument as in (22). This motivates the choice
of a Lyapunov function with a shifted window term that tracks the recent history. To that end, we
construct the following Lyapunov function Vj for & > 7:
-
* 2 : . 2
Vi i= f(zg) = f(2*) + La® W, with Wy :=> (7 —j + 1) l|lgr—j]l5 - (27)
j=1

The weight 7 — j 4+ 1 assigned to the past gradient || gk_j||§ is motivated by how past gradients
accumulate in the one-step descent analysis. Specifically, for a fixed k, from the descent inequality
in Lemma 3.4, and the bound on H%H% from Lemma 3.5, we note that the stale gradient ||gk,jH§
appears in exactly 7 — j + 1 future descent inequalities over the window [k, k + 7 — 1]. By assigning
larger weights to more recent gradients, our choice of the Lyapunov function in (27) carefully accounts
for this multiplicity. In a moment, we will see how this choice allows us to establish a one-step
contractive recursion for V. To proceed, we will need the following facts about the “shifted window”
terms Uy and Wy, associated with the Lyapunov function.

Fact 3.7. The following holds for any k > 7:

W1 = Wi — U + 7|93 (28)
Fact 3.8. The following holds for any k > :
W < 17U (29)

The proofs of these facts follow directly from the definitions of Uy and Wy, and are hence omitted.
We now have all the pieces needed to establish a one-step recursion for Vj.

Lemma 3.9 (One-Step Recursion). Suppose f in (1) is p-strongly convex. Let o = 1/(16LT).
Then, on event G, the following is true for both SAG and SAGA:

Vip1 < (1 - %) Vi, VE>T. (30)

Proof. Using (27), plugging the bound on ||e; |5 in Lemma 3.5 into (22), and adding La?Wj; to
both sides of (22) yields the following recursion that holds for both SAG and SAGA:

«
Vipr <7 — 7 [V F @)l + 4L°70°Up + La® Wi

a o
@ = TV @03 +4L27°Uy + La? (Wi = Uk + 7 i3

(0)
< 1= IV @0} +4L27a*Uy + La? (Wi = Uy + 27 [V f (i) |3 + 8LV )

= e — (G —2L70?) [V f@o)l + La® Wy + (4L%7® + 8L7%0* — La?) U
© « 2 2 1
<7rp— g HVf(xk)”Q + La* [ W), — §Uk

() ap 9 1
< - [
< (1 1 )Tk—l-La (1 27) Wi

(11 (1 2 = (1)



In the above steps, (a) follows from decomposing W1 using Fact 3.7; (b) uses Corollary 3.6 to
bound ||gk||§7 (¢) holds by selecting a = 1/(16L7) such that 2Lra? < a/8, 4L*7a® < La?/4, and
8L372a* < La?/4; (d) uses Fact 3.8 to bound Uy and the gradient domination property of strong
convexity in (15); and (e) holds by selecting o = 1/(16L7) < 2/(ur). O

There is an important caveat here after obtaining inequality (30). Since the bound on |lex||3
in Lemma 3.5 only holds for k > 7, the one-step Lyapunov recursion in Lemma 3.9 therefore only
makes sense for £ > 7. As such, iterating (30) from k =7 to k = K — 1 yields:

flax) — f@) < Vie < (1= 2Ty (32)

where (%) holds from the definition of V. The appearance of V; reflects a finite burn-in period
where the bounded staleness condition has not yet kicked in. To complete the analysis, we need to
argue that at the end of this period, V; remains bounded. This is the subject of the next result.

Lemma 3.10 (Burn-In Effects). Define B := max{|[z*|,, |}, - [|[z¥l,}, where z} €
argmingcpa fi(z). With « = 1/(16LT), the following is true:

V, < 3LB2. (33)

Remark. The dependence of B on the minimizers {z}} of the component functions can be
explained as follows. Recall that 7 = O (N), i.e., the initial burn-in period is on the order of the
number of components N (up to log factors). As such, there are bound to be certain time-steps k < T,
such that, at time k, not every component function has been sampled at least once. Nonetheless,
for both SAG and SAGA, updates to the iterates are still made during the initial burn-in period.
As a result, the effective function being optimized during this phase can differ from the true one f,
and the iterates may get biased toward the local minimizers. A possible remedy is to modify the
existing burn-in phase so that no iterate updates are performed during the first 7 iterations, and the
algorithm only collects component gradients and updates the memory during this phase. Iterate
updates begin after 7, once all components have been sampled at least once on the event G. In this
case, one can show that B = ||z*|| suffices to capture burn-in effects.

The proof of Lemma 3.10 can be divided into three steps: (i) we first show by induction that
during iterations 0 < k < 7, the iterates are uniformly bounded as follows: |lzy||, < B; (ii) using
this, we show that the gradient norms for 0 < k < 7 are bounded as follows: ||gx||, < 6LB; and (iii)
finally, we show that V; is bounded by 3LB? using (i), (ii), and the definition of V,. The details of
the proof are provided in Appendix A.

We now resume our main convergence analysis. Plugging the bound for V, in Lemma 3.10
into (32), and selecting o = 1/(16L7) yields

f(xK)_f($*)§3LBQ<1_ 1 >K<1_ 1 >T

K
1
<6LB*(1- .
- ( 647'/4/)

In the last step, we used Bernoulli’s inequality: (1 + x)" > 1+ rx, where r > 1 is a positive integer
and x > —1. Based on our developments in Sections 3.1- 3.3, and the fact that event G has measure
at least 1 — §, we have established the following result.



Theorem 3.11 (SAG/SAGA, Strongly Convex Case). Suppose that each f; in (1) is L-
smooth, and f is p-strongly convexr. Given any ¢ € (0,1), let 7 = [(8N/3)log(NK/d)], and
set a = 1/(16L7). Then, with probability at least 1 — 0, the following holds for both SAG and
SAGA when K > 7:

K
f(zx) — f(z*) < 6LB <1 _ 641m> , (34)

where k = L/p and B is as defined in Lemma 5.10.

Main Takeaways. Our result above reveals that with high-probability, SAG and SAGA
converge exponentially fast to the optimal point x*, where the exponent depends on the product
of the condition number s and the staleness factor 7. As far as we are aware, Theorem 3.11 is the
first high-probability bound that applies identically to both SAG and SAGA. Notably, our analysis
that leads to this result is significantly simpler, shorter, and self-contained compared to the highly
involved and computer-aided analysis for SAG in Schmidt et al. (2017).

Since 7 = O (N), the exponent of convergence in (34) is slower by a factor of N relative to the
exponent for gradient descent in (4). Intuitively, this makes sense since N iterations of SAG/SAGA
lead to the same number of gradient evaluations as in one step of GD. While the rate in (8) is
better than that in (34), we conjecture that this difference arises from the fact that the former is an
in-expectation guarantee, while the latter is a high-probability bound. In particular, high-probability
bounds need to account for tail events where the delay can indeed be on the order O (N). To provide
further insights about our rate, consider the deterministic delayed GD update rule of the form
Tpr1 = T — aV f(xg_,), where 7 > 0 is a constant delay. Interestingly, for this update rule, it is
shown by Arjevani et al. (2020) that a rate on the order of exp(—K/(7k)) is, in fact, tight. In other
words, the deterioration of the exponent by the delay 7 (relative to GD) is unavoidable. Whether
the lower bound in Arjevani et al. (2020) applies to our setting remains to be seen.

3.4 Extension to Non-Convex Objectives

We now show that the analysis for the strongly convex case can be easily generalized to account for
non-convex objectives. To see this, observe that just on the basis of smoothness of each f;, one can
arrive at inequality (c) in the chain of inequalities in (31). We then have

o 1
Vi <= 319Gl + La? (W - 300 )
(39

«
< Vi— S IVF@IB

where the second inequality follows from discarding the negative term —La2Uy /2. Rearranging and
telescoping (35) from iteration k = 7 to k = K — 1 yields

K-1
1 ) 8V, 256 L7V,
E < < 36

when K > 27, and v = 1/(16L7). Using the bound on V; from Lemma 3.10 then immediately yields
the following result for smooth, non-convex functions.



Theorem 3.12 (SAG/SAGA, Non-Convex Case). Suppose that each f; in (1) is L-smooth.
Given any § € (0,1), let T and « be as in Theorem 3.11. Then, with probability at least 1 — ¢,
the following holds for both SAG and SAGA:

K-1

1 768L% B>t

K—+ Z ‘|Vf($k)||§ < K VK > 2. (37)
k=1

Main Takeaway. For smooth, non-convex objectives, it is well known that gradient descent
provides a O (1/K) convergence rate for the object on the LHS of (37) (Bubeck et al., 2015).
Interpreting K /7 as the “effective” number of iterations (due to sub-sampling), Theorem 3.12
establishes a similar high-probability rate for SAG and SAGA. It is worth pointing out that if the
function f satisfies the Polyak—F.ojasiewicz (PL) condition (Karimi et al., 2016) in (15), then one
can obtain the same linear convergence rate as in Theorem 3.11 following an identical analysis.

3.5 Extension to Markov Sampling

Thus far, we have worked under the assumption that at each iteration %k, a component i is sampled
in an I.L.D. manner, uniformly at random from [N]. In this section, we will significantly relax such
an assumption, and demonstrate that our analysis seamlessly extends to a more general Markov
sampling scheme. Specifically, we now consider a scenario where the sampling indices {ix}r>o form
the trajectory of a time-homogeneous, aperiodic, and irreducible Markov chain M supported on [N].
Let 7 be the stationary distribution of this ergodic chain, and, for simplicity, assume that ig ~ 7,
causing the chain to be stationary.!

We note that the basic SGD algorithm has been analyzed under Markov sampling in several
papers; for instance, see Doan (2022); Duchi et al. (2012); Sun et al. (2018). Like us, these papers
also work under the assumption that the data-generating Markov chain is ergodic. However, to our
knowledge, there are no known high-probability bounds for variance-reduced algorithms such as
SAG and SAGA under Markov sampling. Our goal is to close this gap.

With this goal in mind, let myin := min;ey)m > 0 denote the smallest entry in the stationary
distribution 7, representing the minimum wvisitation probability. It should be noted that for our
subsequent analysis, we do not require 7 to be a uniform distribution over [N]. As such, our analysis
can handle the case when the gradient estimators (for both SAG and SAGA) are biased. To build some
intuition, let us think back to the analysis under I.I.D. sampling. More than the I.I.D. aspect itself,
what mattered was the fact that, with high probability, each component function is visited sufficiently
often. This, in turn, ensured a bounded staleness effect, which caused the rest of the analysis to go
through. Thus, as long as we can argue that under Markov sampling, a similar bounded staleness
property is preserved, the remainder of the analysis will be identical to that of the I.I.D. case. We now
show that ergodicity buys us exactly this desired property. To that end, we introduce the mizing time
function of M following Dorfman & Levy (2022): dpiz (k) := sup;e;n) Drv (P(ix € - | io = i), 7),
where Dy is the total variation distance between probability measures. Next, we define the mixing
time of M as tyiz 1= inf{k | dpmiz(k) < 1/4}. Using the objects defined above, we can then prove
the following key result.

!The assumption of stationarity can be avoided at the expense of more algebra that we omit here for clarity of
exposition.



Lemma 3.13 (Bounded Staleness under Markov Sampling). For any § € (0,1) and 7 >
(88tmiz/Tmin) log(N K /6), with probability at least 1 — 0,

k—mixg<7, Vie[N],0<k<K-L (38)

The proof of Lemma 3.13 is provided in Appendix B; the key technical tool we use to establish
this result is a variant of Bernstein’s inequality for Markov sampling developed by Paulin (2015). The
only distinction between Lemma 3.13 and Lemma 3.3 lies in the dependence of 7 on the minimum
visitation probability 7min and the mixing time ¢,,;,. Informed by Lemma 3.13, define the new
staleness parameter as 7 = [(88tiz/Tmin) log(IVK/d)]. Now suppose the good event G in (19) is
defined exactly as before with this new choice of 7. Conditioned on this event G, the remainder of the
analysis under Markov sampling is identical to that under I.I.D. sampling carried out in Sections 3.2
and 3.3. As a result, we immediately obtain the following theorem.

Theorem 3.14 (SAG/SAGA, Markov Sampling). Consider the Markov sampling scheme
described in Section 3.5. Suppose that each f; in (1) is L-smooth, and f is p-strongly convex.
Given any § € (0,1), let 7 = [(88tmiz/Tmin) log(NK/0)], and set « = 1/(16L7). Then, with
probability at least 1 — 6, the following holds for both SAG and SAGA when K > 7:

K
f(zx) — f(z*) < 6LB> <1 - 641m> : (39)

Main Takeaways. The main takeaway is that our result above under Markov sampling matches
that for the I.LI.D. case, except for the fact that the staleness parameter 7 now depends on the
mixing time and the minimum visitation probability of the Markov chain. Essentially, up to log
factors, one can now interpret K /tqoy as the effective number of iterations, where teoy := timiz/Tmin-
Since Theorem 3.14 appears to be the first high-probability bound for SAG and SAGA under Markov
sampling, we cannot comment on the tightness of our bound in terms of its dependence on t.,,. That
said, the inflation by a factor of t..y is typically seen for stochastic approximation algorithms subject
to Markov sampling, when the Markov chain is supported on a finite state-space; for instance, for
tabular Q-learning, see Qu & Wierman (2020). The inflation by the mixing time t,,;, appears more
generally for SGD in Nagaraj et al. (2020), for reinforcement learning algorithms like temporal-
difference learning in Bhandari et al. (2018); Mitra (2024); Srikant & Ying (2019), and nonlinear
stochastic approximation in Chen et al. (2022).

4 Extension to the IAG Method

Although we have considered stochastic sampling schemes thus far, we now show that our analysis
framework can easily accommodate deterministic sampling patterns, as well. To that end, we consider
the classical incremental aggregated gradient (IAG) method, a deterministic counterpart of
SAG, introduced by Blatt et al. (2007). The gradient estimator g,IﬁAG of TAG has the same aggregated
form as SAG in (7), and the iterate is also updated via (2). The key difference is that the component
functions are sampled one at a time in any deterministic order, such that every component is sampled
at least once in every 7 iterations, i.e., we have

k>m,>k—1, Vie[N],Vk>r, (40)



where 7 € N* is some prescribed parameter, and 7; ; has the same meaning as before. This condition
coincides exactly with the high probability event G in (19), where the maximum delay in sampling any
component is 7. As a result, for the IAG algorithm, event G occurs with probability 1. Consequently,
Theorems 3.11 and 3.12 hold for IAG deterministically without any modification. We record this
observation below for the strongly convex case.

~ a

Theorem 4.1 (IAG, Strongly Convex Case). Suppose that each f; in (1) is L-smooth, and f
is p-strongly convex. Consider the IAG method with a sampling pattern that satisfies (40).
With o = 1/(16LT), the following then holds:

K
f(zx) — f(z*) < 6LB? <1 — 641m> VK > T (41)

Main Takeaways. Comparing Theorem 4.1 with Theorem 3.11, we note that the deterministic
guarantee for TAG is identical to the high-probability bound we derived earlier for SAG/SAGA.
Such a finding appears to be new. Perhaps more interestingly, our developments so far reveal that a
single proof technique suffices to provide a unified treatment of both stochastic and deterministic
variance-reduced algorithms. In addition to this unification, a key contribution of our work is that it
significantly improves upon the best known convergence rate for IAG, as we discuss below.

Tighter bounds for IAG. As far as we are aware, the best known rate for the TAG method for
smooth and strongly convex objectives was derived by Gurbuzbalaban et al. (2017), and is as follows:

* L Cr 2K *12
fen) - 1) <2 (1- ) oo,
where ¢, := 2/(257(27 4+ 1)). From the above display, we note that while the convergence is still
exponential, the exponent scales quadratically in both the condition number x, and the delay 7. In
sharp contrast, our analysis for IAG in Theorem 4.1 is able to achieve a linear dependence in both
and 7. This is a significant improvement for ill-conditioned problems. Moreover, note that for a
simple cyclic sampling pattern, 7 = N — 1. Thus, for modern empirical risk minimization problems,
where N represents a potentially large number of data samples, our rate marks a considerable
improvement over prior work. Notably, such an improvement is a free byproduct of our unified proof
strategy, and requires no extra work beyond what we did for SAG/SAGA.

5 Conclusion

We revisited two of the most popular stochastic VR algorithms, namely SAG and SAGA, and
introduced a novel unified proof framework that yields linear convergence rates for both. Notably,
our proof is considerably shorter and simpler compared to the known analysis for SAG, and leads to
the first high-probability bounds for both SAG and SAGA. We show that our analysis can be easily
extended to non-convex settings and Markov sampling. Finally, we argue that, as an immediate
byproduct of our analysis, one can significantly tighten the best known rates for the IAG algorithm.
There are various interesting directions that one can pursue as future work. First, as mentioned in
the discussion immediately after Theorem 3.11, there is a gap between our high-probability linear
convergence rate and the in-expectation rates for SAG and SAGA in prior work. We would like to
investigate further whether this gap is an artifact of our analysis or fundamental. In a similar spirit,
deriving lower bounds for the Markov sampling case would be interesting. Finally, extending our
proof template to more complex VR algorithms is a natural next step.
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A Proof of Lemma 3.10

As stated immediately after Lemma 3.10, the proof is divided into three steps: (i) proving bounded
iterates, (ii) proving bounded gradients, and (iii) proving bounded V. We start with the first step
which establishes boundedness of iterates during the interval 0 < k < 7.

Claim A.1 (Bounded Iterates). For 0 < k < 7, we claim that the following holds for both SAG and
SAGA, when oo = 1/(16L7):
zkll, < B, (42)

where B is as defined in Lemma 3.10.

Proof. We prove this claim by induction and first focus on the analysis of SAG. Since we have assumed
xo = 0, the base case holds trivially. Suppose that this claim holds up to iteration 0 < k < 7 — 1.
Then for iteration k + 1, we have

(a

«
i1 2y, — N > Viilwr,) + Vi (@)

iy,
(—())ij—(JéVf<$k ~ AT vaz xﬁk +vfzk l'k vaz xk (43>
1
= ok — aVf(w) - % > (Vhilwn,) = Viilar)
i#iy

where (a) uses the definition of g3A%, and (b) holds by adding and subtracting V f(xx). Taking the
2-norm on both sides of the above display and using the triangle inequality yields
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(44)
In the above steps, (a) uses smoothness, and Cj denotes the set of component indices that have been
sampled at least once up to iteration k. For a component i that is yet to be sampled, by definition,
Vfi(zr,) =0=Vfi(z]). We use this in (a). Inequality (b) holds due to smoothness and (c) uses
the definition of B and the induction hypothesis up to iteration k.
Iterating (44) for k + 1 steps from k = 0 yields

k
lztalls < (14 La)*™ [zl + 3LBa Y (14 La)*™
j=0 (45)

<3LBoa-7(1+ La)” <4LBta <

|

< B,



where we used the fact that g =0, k+1 <7, 14+ 2 <e¢*, and o = 1/(16L7). The proof is then
complete for the SAG case.

The proof for the case of SAGA carries through similarly as in the proof of Lemma 3.5. Specifically,
the update rule of SAGA can be written as

N
Thir = 2k — aVf(a) = 1= 3 (Vhilwn,) = Vi) = o (V@) = Viilen,)) . (46)

i=1

Taking the 2-norm on both sides and using the triangle inequality yields

N
lonsilly < laelly + 5 D2V filwn,) = Vhilan)l, + ||V @) = ¥ fiulan, )|,
i=1 (47)
+al|Vf) = V),

< (1+ La) ||zg|| + 5LBa.

The rationale is similar to the SAG case and is hence omitted, where one needs to break the analysis
into two cases: (i) component i has been sampled before iteration k, and (ii) it has never been
sampled before iteration k. As has been shown for the SAG analysis, both cases yield the exact same
bound. Iterating (47) for k + 1 steps from k = 0 yields the same bound. The proof is then complete.

O

The next claim provides an upper bound on the gradients ||gx||, when 0 < k < 7.

Claim A.2 (Bounded Gradients). For 0 < k < 7, the following holds for both SAG and SAGA with
a=1/(16LT):
lgklly < 6LB. (48)

Proof. For SAG, we can write

1
|22, < & Vi) = V@)l + 1910 = V1)l o

<2LB+2LB = 4LB < 6LB,

where we used smoothness, Claim A.1, and the same arguments used to bound the gradients in the
proof of Claim A.1.
In a similar way, for SAGA, we can write

1 N
[ogaer|| < < DIV Aian) = Vel + |V fiulan) = Vi (@n, )|, + 195 @) = V1)l
<2LB+2LB+2LB =6LB.

The claim is then proved. O



With the two claims that we have established in this section, we can bound V. as

V= f(zr) = f(a*) + La® > (1 =5+ 1) |lgrjll5
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where we used smoothness, Claim A.1 and A.2.

B Proof of Lemma 3.13

To establish Lemma 3.13, we will leverage a variant of Bernstein’s inequality for Markov chains, that
we state below (slightly adapted for our purpose).

Theorem B.1. (Paulin, 2015, Theorem 3.4) [Bernstein’s Inequality for Markov Chains|
Let Xq,---, Xy be a time-homogeneous, ergodic, and stationary Markov chain M that takes
values in a finite state space €. Let 7,5 and 7 be the pseudo spectral gap and stationary
distribution, respectively, of M. Suppose f is a measurable function in L?(r), satisfying
|f(x) = Ex[f]| < M,Vz € Q, where E; is the expectation w.r.t. w. Then, for allt > 0, the
following is true:

t2"Yps
— < 1) < —
P(S — E,[S] < t)eXp< 8(k+1/%s>vf+20w>, (52)

where S = Zle f(Xi), and Vi := V. [f] is the variance of f under .

According to Proposition 3.4 of Paulin (2015), the pseudo spectral gap can be related to the
mixing time t,,;, defined in Section 3.5 as:

1
Vps = % (53)
As a result, if k > t,i:, we then have
2
(5~ ExlS] < ~1) < oxp (‘ 6tz (K + 2bomiz) Vi + 40tmth)

(54)
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Now we are in a position to apply this inequality to our setting where the sampling indices
correspond to the X;’s in Theorem B.1. Fix a component i € [N] and set

f(z) ={z =i}. (55)



Like in the proof of Lemma 3.3, we consider the event that component 7 is not sampled within any
window of length 7 starting from k = kg. To that end, define S; 1, as

ko+7m—1 ko+7—1
Sizho = > fli)= > ix=i}, (56)
k=ko k=ko

which counts visits to component ¢ in a length-7 window starting from k = kg. Since E [S; 7 x,] = 77,
where ; is the entry of component ¢ in 7, we have

{Sirke <0} = {Sirky — Ex[Sirk,) < —7mi}. (57)
On the RHS of (54), we have M = 1 since
[f(2) = Ex[f]] = max{m;, 1 —m} < 1. (58)
We can also compute Vy as
Vi=Va{z =i} =m(1l —m) < m. (59)
With the specifications above, we can apply (54) as follows:

P (Sirke <0) =P (Sirky — Ex[Sirko] < —7i)

IN

ex — T27r7'2
P 487'tmix77i + 407—tmix7ri

T (60)
exp [ —
P 88tmix
<exp | — TTmin ’
88tmiz
where in the last step we used the definition of mmin. Requiring (60) to be smaller than §/(NK), and

then union bounding over all components ¢ € [N] and iterations 0 < k < K — 1 yields the desired
claim in Lemma 3.13.
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